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Abstract

In this paper, we prove common fixed point theorem in intuitionistic fuzzy metric
space using compatible mappings of type (A).

Keywords: Intuitionistic Fuzzy metric space; Compatible mappings of type (A); Common
fixed point.

AMS (2010) Subject Classification: 47H10, 54H25

Introduction

Atanassove [2] introduced and studied the concept of intuitionistic fuzzy sets as a
generalization of fuzzy sets. In 2004, Park [5] defined the notion of intuitionistic fuzzy
metric space with the help of continuous t-norms and continuous t-conorms. Recently,
in 2006, Alaca et al.[1] using the idea of Intuitionistic fuzzy sets, defined the notion of
intuitionistic fuzzy metric space with the help of continuous t-norm and continuous t-
conorms as a generalization of fuzzy metric space due to Kramosil and Michalek [3]. In
this paper, we prove common fixed point theorem in intuitionistic fuzzy metric space
using compatible mappings of type (A).

Preliminaries

The concepts of triangular norms (t-norms) and triangular conorms (t-conorms) are
known as the axiomatic skelton that we use are characterization fuzzy intersections and
union respectively. These concepts were originally introduced by Menger [4] in study of
statistical metric spaces.
Definition [6] A binary operation *: [0, 1]x[0, 1] = [0, 1] is continuous t-norm if * satisfies
the following conditions:

(i) *is commutative and associative;

(iiy *is continuous;

(i) a* 1 =aforalla €[0,1];

(iv) a*b <c*dwhenevera<candb <dforalla, b, c del0,1].
Definition [6] A binary operation ¢: [0, 1] x [0, 1] = [0, 1] is continuous t-conorm if ¢
satisfies the following conditions:

(i) ¢ is commutative and associative;

(ii) ¢ is continuous;

(i) a0 0 =aforalla<[0, 1];
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(iv) a0 b <cddwhenevera<candb <dforalla b,c,

del01].

Alaca et al. [1] using the idea of Intuitionistic fuzzy sets,
defined the notion of intuitionistic fuzzy metric space with the
help of continuous t-norm and continuous t-conorms as a
generalization of fuzzy metric space due to Kramosil and
Michalek [3] as:

Definition [1] A 5-tuple (X, M, N, * 9) is said to be an

intuitionistic fuzzy metric space if X is an arbitrary set, * is a

continuous t-norm, ¢ is a continuous t-conorm and M, N are

fuzzy sets on X2x [0, ) satisfying the following conditions:

i My t)+Nxyt)<lforallx,yeXandt >0;

(i) M(xy 0)=0forallx yeX;

(i) M(x vy t)=1forallx,yeX;andt>0ifandonlyifx =y;

(iv) My t)=M(y x t)forallx,y e Xand t > 0;

v) My t)* My, zs) <M zt+s)forallx, y, ze Xand
s, t>0;

(viy forallx,y e X, M(x,y,.): [0, ) — [0, 1] is left continuous;

(vii) lim_ _M(x,y, 1) = 1forallx,y e Xand t > 0;

(viil) N(x,y,0) =1forallx, y e X;

(iX) Nyt =0forallx,yeXandt>O0ifandonlyifx =y;

(®) Nyt =Nyxtforallx,yeXandt>0;

(xi) Ny t)ON(y, zs)2N(xzt+s)forallx y ze Xand
s, t>0;

(xii) forall x, yeX, N(x, y, .) : [0, ©)—=[0, 1] is right continuous;

(xiii) lim__N(x,y,t) =0forallx, y € X.

t—oo

Then (M, N) is called an intuitionistic fuzzy metric space
on X. The functions M(x, y, t) and N(x, y, t) denote the degree
of nearness and the degree of non-nearness between x and y
w.r.t. t respectively.

Remark 2.1: Every fuzzy metric space (X, M, *) is an
intuitionistic fuzzy metric space of the form (X, M, 1-M, *, 0)
such that t-norm * and t-conorm ¢ are associated as x ¢ y =
1-((1-x) * (1-y)) for all x, y € X.

Remark 2.2: In intuitionistic fuzzy metric space (X, M, N, *,
), M (x, y, *) is non-decreasing and N(x, y, ¢) is non-increasing
forallx, y e X.

Alaca, Turkoglu and Yildiz [1] introduced the following
notions:

Definition Let (X, M, N, *, 0) be an intuitionistic fuzzy metric
space. Then

(a) asequence {x }in Xis said to be Cauchy sequence if, for
allt>0andp >0, lim __M(x  , x,t)="Tandlim __N(x

n+p’ “n’ n-oo n+p’
X, t)=0.

(b) a sequence {x } in X is said to be convergent to a point
xeXif, forallt >0, lim _M(x, x t)=Tandlim __N(x, X,
t)=0.

Definition [1] an intuitionistic fuzzy metric space (X, M, N, *,
) is said to be complete if and only if every Cauchy sequence
in X is convergent.

Example 2.7: Let X = {1/n: n € N} U {0} and let * be the
continuous t-norm and ¢ be the continuous t-conorm defined
by a*b =abanda ¢ b =min{l, a+b} respectively, for all a, b
e [0,1]. For each t € (0, ) and x, y € X, define (M, N) by

t >0,

M(x, y, t) =\t+[x-y| and N(x, y, t) =|t+[x-y|
0 t=0 1 t=0

[x-y|  t>0

Clearly, (X, M, N, * 9) is complete intuitionistic fuzzy
metric space.

Definition A pair of self mappings (f, g) of a intuitionistic
fuzzy metric space (X, M, N, * 0) is said to be compatible if
lim __M(fgx, gfx, t) = 1and lim___N(fgx , gfx 1) = 0 forall t

> 0, whenever {x } is a sequence in X such that lim___fx =
lim __ gx =uforsomeuinX.

n—oo

Definition A pair of self mappings (f, g) of a intuitionistic
fuzzy metric space (X, M, N, *,0) is said to be compatible of
type (A) iflim __M(fgx, ggx , t) = 1, lim___N(fgx, ggx , t) = 0

n—o n—oo

and lim___M(gfx , ffx , 1) = 1, lim___N(gfx , ffx , 1) = 0.

forallt > 0, whenever {x } is a sequence in X such thatlim___fx_
=lim___gx =uforsomeuinX

Alaca [1] proved the following results:

Lemma Let (X, M, N, *, 0) be intuitionistic fuzzy metric space
and for all x, y in X, t > 0 and if for a number k>1 such that

M(x, y, kt) € M(x, y, t) and N(x, y, kt) > N(x, y, t) Then x = y.

Lemma Let (X, M, N, *, 0) be intuitionistic fuzzy metric space
and for all x, y in X, t > 0 and if for a number k > 1 such that

M (yn+2’ -yn+1’ t) 2 M (yn+1’ -yn’ kt)’ N (yn+2’ yn+1’ t) < N (yn+1’ -yn’ kt)
Then {y } is a Cauchy sequence in X.

Lemma Let f and g be compatible self mappings of type (A)
of a complete intuitionistic fuzzy metric space (X, M, N,*, 0)
with a *b = min{a, b} and a0b = max{a, b} for all a, b € [0,1] and
fu = gu for some u € X. Then gfu = fgu = ffu = ggu.

Results

Theorem: Let (X, M, N,*, 0) be a complete intuitionistic fuzzy
metric space with a *b = min{a, b} and a®b = max({a, b} for all
a, b €[0, 1]. Let A, B, S, T, P and Q be mappings from X into
itself such that the following conditions are satisfied:

(3.1) P(X) < ST (X), Q(X) < AB(X),

(3.2) AB =BA, ST =TS, PB = BP, QT = TQ,

(3.3) P or AB is continuous,

(3.4) (P, AB) and (Q, ST) are pairs of compatible mappings of
type (A),
(3.5) there exist k € (0,1) such that for every x, y € Xand t >0

M (Px,Qy, kt) = M (ABx, STy,t) * M (Px, ABx, t) * M (Qy, STy, t) *
M (Px, STy, 1)

N (Px,Qy, kt) < N (ABx, STy, )ON (Px, ABx, t) ON (Qy, STy, HON
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(Px, STy, 1)

Then A, B, S, T, P and Q have a unique common fixed point in
X.

Proof

Forexistence:

x, € X such that

Let x, eX,, from (3.1), there exist x,, x,

Px,= STx,, Qx, = ABx,. Inductively, we Construct sequences {x }
and {y } in X such that

PXanz = STsz =Yona and szm :ABXZn:yZn
forn=1,23, ..
Take x=x,, y=x, +,in (3.5), we get

M (PX,, Qx,,.., kt) > M (ABx,, STx

2n' 2n+1!
(QX2n+1’ STXZrH‘I’ t) *M (PX STX2n+1’ t)

2n’
M (y2n+1’ -y2n+2’ kt) 2 M (y2n’ -y2n+1’ t) * M (y2n+1’ y2n, t) * M (y2n+2,
y2n+1’ t) * M (y2n+‘|’ y2n+2’ t)
M (y2n+1’ -y2n+2’ kt) 2 M (yZn’ -y2n+1’ t) * M (y2n+1’ y2n+2’ t)
M (y2n+1’ -y2n+2’ kt) 2 M (yZn’ -y2n+1’ t)
And
N (Px,, Qx, ., kt) < N (ABx,, STx, ., 1) ON (Px,., ABx, , t) ON
(Qx,,,. STx H)ON (Px,,, STx,, .., t)

2n+1"

N (y2n+1’ y2n+2’ kt) <N (yZn’ y2n+1’ t)ON (y2n+1’ yZn’ t)ON (y2n+2’ y2n+1’
t)ON (y2n+1’ y2n+2, t)

N (y2n+1’ y2n+2’ kt) < N (y2n' y2n+1’ t) ON (y2n+1’ y2n+2' t)

N apore Yans kt) <N Vo Yanare D

Similarly, M (y,, . Vomes kt) =M (Y, 10 Yopu D N (Vs Vonss kt)
SN Vs Yanor B)-

Thus, we have

M (yn+7’ yn+2’ kt) zM (yn’ yn+1’ t)’ N(yn+7’ yn+2’ kt) = N( yn’ yn+7’t) fOI"
n=123,...

t)* M (Px, , ABx

2n' 2n'

H*M

Therefore, we have

M,y DZM(y, y, V/D2My, ¥, /)2 ..2M(y,y,
t/9") -1,

N (yn’ yn+1’t) <N (yn’ yn+1’ t/q) <N (yn—1’ yn’ t/qz)g <N (yT’ y2’ t/
970

when n —»w .

For each e>0and t > 0, we can choose n, e N such that
My.,y,..t0>1-e N,y t) <eforalln>n,.

For m, n e N, we suppose m > n. Then, we have

M,y =M,y  t/m=n*M(y .y . t/m-n¥*M
(ym,y ym, t/m - n)

>((1-€)* (1- €) *..* (1- €))(m — n) times
>(1-¢)

N,y 0Ny, Y. .. t/m=mON(, ..y, . t/m—-n)0.ON
(ym_1: ym, t/m -n )

< ((e)0(€)0...0(€))(m — n) times
S(e)My,y. . >0-¢e),N(y,y. 1) <e

and hence {y } is a Cauchy sequence in X. As X is complete, {y }
converges to some point

z e X. Also, its subsequences converge to this point z € X.
ie. {Ox2 .} = z{STx, .,
Suppose AB is continuous.

As AB is continuous, we have {ABABx, } K ABz{ABPx,}  ABz.

} = z{Px, } = z{ABx, } - z.

n+1

As (P, AB) is compatible pair of type (A), we have {PABx, } |
ABz.

Take x_ABx,,y _x, ., in (3.5), we get

M (PABx,, Qx, ., kt) . M (ABABx,, STx, . t) * M (PABx,,
ABABx, , t) * M (Qx,, ... ST, ... t) * M (PABx,, STx, .., 1)

n

—0

M (ABz, z, kt) .M (ABz, z, ) * M (ABz, ABz, t) * M (z, z, t) *
M (ABz, z, t) M (ABz, z, kt) S M (ABz, z t)
And

N (PABx,, Qx,. .. ki)

. N (ABABx,, STx
ABABX, , ) N (Qx,..., STX,

2n+1" t) ON (PABXZn’
t) N (PABx,, STx, ., 1)

N1t
n.,,

N (ABz, z, kt) < N (ABz, z, t) <>N (ABz, ABz, t) <>N (zz 1) N
N (ABz, z, t) N (ABz, z, kt) < N (ABz, z, t)

By lemma, ABz = z.

Next, we show that Pz = z.

Putx = zand y _x, in (3.5), we get

M (Pz, Qx,, kt) . M (ABz, STx, , 1) * M (Pz, ABz, t) * M (Qx

2n' 2n’
t)

£)* M (Pz, STx

2n'

STx, o

n

M (Pz, z, kt) S Mz zt)*MPzzt)*Mz z,t)*MPz,z,t) M
(Pz,z, kt), M (Pz, z, t)

And

N (Pz, Qx

2n’

B N (Pz STx,, 1)

kt) _ N (ABz, STx

2n’

t) N (Pz, ABz, t) N (Qx

2n’

STx,,

n
N (Pz, z, kt) < Nz zt) ON (Pz, z t) ON (zz 0 0N (Pz, z t)
N (Pz, z, kt) _N (Pz, z, t)

Therefore, ABz = z = Pz.

Now, we show that Bz =z.

Putx =Bzandy_x, ,in(3.5), we get

M (PBz, Qx,, ., kt) . M (ABBz, STx, ., ) * M (PBz, ABBz, t) * M
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(Qx,, 4 STx,, . ) * M (PBz, STx,, ., 1)
N (PBz, Qx,, .. kt) < N (ABBz, STx

2n-1"

(Qx,, ., STx,, ., t) ON (PBz, STx, ., t)
As BP = PB and AB = BA, so that
P(Bz) = (PB)z = BPz = Bz and (AB)(Bz) = (BA)(Bz) = B(AB)z = Bz.

t) N (PBz, ABBz, t) ON

Taking, n —x, we get

M Bz, z kt)y>M Bz, z, t) *M (Bz, Bz, t) *M (z,z, t) * M (Bz, z, t)
M Bz, z, kt)y >M (Bz, z, t)

And

N (Bz, z, kt) < N (Bz, z, t)ON (Bz, Bz, t)ON (z, z, t)ON (Bz, z, t)

N (Bz, z, kt) <N (Bz, z, t).

Therefore, by using lemma, we get Bz = z and also we have,
ABz = z. Therefore, Az =Bz = Pz = z.

As P(X) < ST (X), there exist u € X such that z=Pz=STu.
Putting, x=x,, y=uin (3.5), we get

M (Px,, Qu, kt) > M (ABx, , STu, t) * M (Px,, ABx, , t) * M (Qu,
STu, t) * M (Px,,, STu, 1)

n —w

Mz Qu kty>M(z,z, ) *M(z,zt) *M(Qu,zt) *M(z,z t)
M (z, Qu, kt) > M (Qu, z, 1)

And

N (Px,, Qu, kt) < N (ABx,, STu, t) ON (Px,., ABX,_, t) ON (Qu,
STu, ) ON (Px,,, STu, 1)

n—o N

(z Qu, kt)y <N (z,z, t) ON (z,z, t) ON (Qu, z, t) ON (z, z, 1)
N (z, Qu, kt) <N (z, Qu, t)

By using lemma, we get Qu = z. Hence, STu = z = Qu.

Since (Q, ST) is compatible pair of type (A), therefore, by
lemma, we have QSTu = STQu. Therefore, Qz = STz

Now, we show that Qz = z.
Take x=x,, y=zin (3.5), we get

M (Px,, Qz, kt) > M (ABx, , STz, t) * M (Px, , ABx

2n’ 2n' 2n’ 2n’
STz, t)*M (Px,, STz, t)

t)* M (Qz,
2n'
n —oo

Mz, Qz, kt)y>M(z,Qz, ) *M (z,z, t) * M (Qz, Qz, t) * M (z, Qz,
t)

M (z, Qz, kt) > M (z, Qz, t)

and

N (Px,,, Qz, kt) <N (ABx, , STz, t) ON (Px,,, ABx, , t) ON (Qz, STz,
t) ON (Px,,, STz, 1)

n —w

N (z, Qz, kt) <N (z, Qz, t) ON (z, z, t) ON (Qz, Qz, t) ON (z, Qz, t)

N(z, Qz, kt) <N (z,Qz t)
Therefore, by using lemma, Qz = z.

AsQT =TQ,ST =TS, we have QTz =TQz = Tzand STTz = TSTz
=TQz =Tz

Next, we claim that Tz = z.
For this, take =X, y=1z in (3.5), we get

M (Px,,, QTz, kt) > M (ABx,, STTz, t) * M (Px,,, ABx, , t) * M (Qz,
STTz t)* M (Px,,, STTz, 1)

n —oo

M(zTz kt)y>M Tz, ) *M(z,z, ) * M (TzTz, t) * M (z,Tz t)

M (z,Tz, kt)>M (z,Tz, t)

and

N (Px

2n'

STTz, t) ON (Px

2n'

QTz kt) < N (ABx

o ABx
STTz t)

2n'

STTz t) ON (Px

2n’

£) ON (QTz,

n —o
N (z,Tz, kt) < N (z,Tz, )ON (z, z, t)ON (Tz, Tz, t)ON (z,7z, t)
N (z,Tz, kt) <N (z,7z, t)

therefore, by lemma, we get Tz = z. as STz = Qz = z = Tz. This
gives, Sz =z. Hence, Az = Bz = Pz = Qz = Sz = Tz = z. Hence,
z is a common fixed point of A, B, S, T, P and Q. The proof is
similar P is continuous.

For uniqueness

Let u is another fixed point of A, B, S, T, P and Q. Therefore,
take x =zand y = uin (3.5), we get

M (Pz, Qu, kt) > M (ABz, STu, t) * M (Pz, ABz, t) * M (Qu, STu, 1)
* M (Pz, STu, t)

Mz ukh=Mz ut)*Mz zt)*Mu,ut)*M(z u,t
M (z, u, kt) =M (z, u, t)

And N (Pz, Qu, kt) < N (ABz, STu, t) ON (Pz, ABz, t) ON (Qu, STu,
) ON (Pz, STu, 1)

Nz u kt)y <N (z u t) ON (z,z, t) ON (u, u, t) ON (z, u, t)
N (zu, kt) <N (z, u, t)

By lemma, we get z = u. Hence, z is a unique common fixed
pointof A, B, S, T, P and Q. Take B = T = | (Identity map), then
theorem 3.1 becomes:

Corollary 3.1: Let (X, M, N,*, ) be a complete intuitionistic
fuzzy metric space with a *b = min{a, b} and a0b = max {a, b}
forall a, b € [0,1]. Let A, S, P and Q be mappings from X in to
itself such that the following conditions are satisfied:

(3.6) P(X) < S(X), Q(X) c A(X),
(3.7) P or A is continuous,

(3.8) (P, A) and (Q, S) are pairs of compatible mappings of type
(A),
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(3.9) there exist k €(0,1) such that for every x, y € Xand t >0

(Px, Sy, 1)

N (Px,Qy, kt) < N (Ax, Sy, t)ON (Px, Ax, )ON (Qy, Sy.t)ON (Px,
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